The minimum depth d B, A of a subring B ⊆ A introduced in the work of Boltje, Danz and Külshammer 2011 is studied and compared with the tower depth of a Frobenius extension. We show that d B, A < ∞ if A is a finite-dimensional algebra and B e has finite representation type. Some conditions in terms of depth and QF property are given that ensure that the modular function of a Hopf algebra restricts to the modular function of a Hopf subalgebra. If A ⊇ B is a QF extension, minimum left and right even subring depths are shown to coincide. If A ⊇ B is a Frobenius extension with surjective Frobenius, homomorphism, its subring depth is shown to coincide with its tower depth. Formulas for the ring, module, Frobenius and Temperley-Lieb structures are noted for the tower over a Frobenius extension in its realization as tensor powers. A depth 3 QF extension is embedded in a depth 2 QF extension; in turn certain depth n extensions embed in depth 3 extensions if they are Frobenius extensions or other special ring extensions with ring structures on their relative Hochschild bar resolution groups.
Introduction and Preliminaries
A basic lemma in representation theory states that if a subalgebra B of a finite-dimensional algebra A has μ : A⊗ B A → A, a ⊗ a → aa a split epimorphism of A-A-bimodules, then A has finite representation type if B has. Weakening the condition on μ to a split epimorphism of A-B-bimodules does not place any restriction on B ⊆ A, but the opposite hypothesis that a split monomorphism exists from A⊗ B A into a multiple nA A ⊕ · · · ⊕ A captures the notion of normality of a subalgebra in the context of group algebras 1 , Hopf algebras 2 , and semisimple algebras 3 . If A is a Frobenius extension of B, where A B is a progenerator module but A and B may be infinite-dimensional algebras , the "depth two" condition as the opposite hypothesis is known as, implies that A is a Galois extension of B, where the bimodule endomorphism ring of the extension may be given the structure of a Hopf algebroid which acts naturally on A with invariant subalgebra B 4, 5 . Such theorems first appeared 2 International Journal of Mathematics and Mathematical Sciences in 6, 7 for certain finite index subfactors of depth two. The left bialgebroid aspect of the definition of Hopf algebroid was influenced by a study of Lie groupoids in Poisson geometry 8 . The publication of 9 clarified the role played by Galois theory in depth two theory.
After the focus on depth two, the study of how to generalize depth three and more from subfactor theory to algebra occurred in three stages after 10 . At first the depth two condition was generalized from a subalgebra pair B ⊆ A to a tower of three rings C ⊆ B ⊆ A 11 . This was applied to the tower of iterated right endomorphism rings above a Frobenius extension B ⊆ A ⊆ A 1 → A 2 → · · · , so that B ⊆ A has tower depth n if B → A n−3 → A n−2 has the generalized depth two property called a depth 3 tower in 11 . This yields a compact matrix inequality condition The algebraic definition of depth of subring pairs of Artin algebras is closely related to induced and restricted modules or characters in the case of group algebras. The depths of several class subgroups are recently computed, both as induced complex representations 3 and as induced representations of group algebras over an arbitrary ground ring 12 . For example, the minimum depth of the permutation groups S n ⊂ S n 1 is 2n − 1 over any ground ring k and depends only on a combinatorial depth of a subgroup H < G defined in terms of G × H-sets and diagonal action in the same way as depth is defined for a subring 12 . The main theorem in 12 is that an extension k G ⊇ k H of finite group algebras over any ground ring k has finite depth, in fact bounded by twice the index G : N G H of the normalizer subgroup.
The notion of subring depth d B, A in 12 is defined in equivalent terms in 1.7 . In case B and A are semisimple complex algebras, it is shown in an appendix of 12 how subring depth equals the notion of depth based on induction-restriction table, equivalently inclusion matrix M in 3 and given in 1.1 . Such a pair A ⊇ B is a special case of a split, separable Frobenius extension; in Theorem 5.2 we show that subring depth is equal to the tower depth of Frobenius extensions 11 satisfying only a generator module condition. The authors of 12 define left and right even depth and show these are the same on group algebra extensions; Theorem 3.2 shows this equality holds for any quasi-Frobenius QF extension.
It is intriguing that the definition of subring depth makes use of the bar resolution groups of relative homological algebra, although in a fundamentally different way. The tower of iterated endomorphism rings above a ring extension becomes in the case of Frobenius extensions a tower of rings on the bar resolution groups C n A, B n 0, 1, 2, . . . with Frobenius and Temperley-Lieb structures explicitly calculated from their more usual iterative definition in Section 4.1. At the same time Frobenius extensions of depth more than 2 are International Journal of Mathematics and Mathematical Sciences 3 known to have depth 2 further out in the tower: we extend this observation in 11 with different proofs to include other ring extensions satisfying the hypotheses of Proposition 4.3. In Section 1 it is noted that a subalgebra B of a finite-dimensional algebra A has finite depth if its enveloping algebra B e has finite representation type.
H−Equivalent Modules
Let A be a ring. 
Second, symmetrically there is s ∈ Z such that M | sN. It is easy to extend this definition of h-equivalence sometimes referred to as similarity to h-equivalence of two objects in an abelian category and to show that it is an equivalence relation. 
For example, the following substitution in equations involving the h ∼-equivalence relation follows from the lemma:
1. The Hopf subalgebras within a finite-dimensional Hopf algebra, which have depth 2, are precisely the normal Hopf subalgebras; if normal, it has depth 2 by applying the observation about Hopf-Galois extension just made. The converse follows from an argument noted in BoltjeKülshammer 2 , which divides the normality notion into right and left like the notion of depth 2 , where left normal is invariance under the left adjoint action. In the context of an augmented algebra A their results extend to the following proposition. Let ε : A → k be an algebra homomorphism into the ground field k. Let A denote ker ε, and, for a subalgebra B ⊆ A, let B denote ker ε ∩ B. Also subalgebra pairs of semisimple complex algebras have depth 2 exactly when they are normal in a classical sense of Rieffel. The theorem in 3 is given below and one may prove the forward direction in the manner indicated for the previous proposition. For example, subalgebra pairs of semisimple complex algebras that satisfy this normality condition are then by our sketch above examples of weak Hopf-Galois extensions, since the centralizer R mentioned above is semisimple see Kaplansky's Fields and Rings for a C * -theoretic reason , the extension is Frobenius 18 , and weak Hopf algebras are equivalently Hopf algebroids over a separable base algebra 4 . 
Subring Depth

H-Depth
G and G is a finite group in GL n K acting by linear substitution of the variables.
In any case A B is finitely generated and B is a finitely generated affine K-algebra. We note here that if G is generated by pseudoreflections such as G S n , the symmetric group and the characteristic of K is coprime to |G|, B is itself an n-variable polynomial algebra and A is a free B-module; consequences of the Shephard-Todd Theorem 16, 17 . Since A is a commutative algebra, it follows that d B, A 1. In terms of the bipartite graph of the inclusion B ⊆ A, d B, A is the lesser of the minimum odd depth and the minimum even depth 3 . The matrix M is an incidence matrix of this bipartite graph if all entries greater than 1 are changed to 1, while zero entries are retained as 0: let the B-simples be represented by r black dots in a bottom row of the graph and A-simples by s white dots in a top row, connected by edges joining black and white dots or not according to the 0-1-matrix entries obtained from M. The minimum odd depth of the bipartite graph is 1 plus the diameter in edges of the row of black dots indeed an odd number , while the minimum even depth is 2 plus the largest of the diameters of the bottom row where a subset of black dots under one white dot is identified with one another.
For example, let A CS 4 , the complex group algebra of the permutation group on four letters, and B This graph has minimum odd depth 5 and minimum even depth 6, whence d B, A 5.
Example 1.12. The induction-restriction table M of the inclusion of permutation groups For example, computing the matrix M for the subgroup S 2 × S 3 < S 5 with respect to the ordered bases of irreducible characters of the subgroup λ 1 2 
The bracketed powers of M satisfy a minimum depth 5 inequality 1.1 so that d S 2 ×S 3 , S 5 5. We mentioned before that d S n × S 1 , S n 1 2n − 1 3, 12 ; however, a formula for d S n × S m , S n m is not known.
Finite Depth and Finite Representation Type
For the next proposition we adopt the notation B e for the enveloping algebra B⊗ k B op and recall that a finite-dimensional algebra has finite representation type if it only has finitely many isomorphism classes of indecomposable modules.
For example, a group algebra over a base field of characteristic p has finite representation type if and only if its Sylow p-subgroup is cyclic. Thus, B having finite representation type does not imply that B e has finite representation type. When a β-Frobenius extension is a QF extension is addressed in the next proposition. The following observation for a normal Hopf subalgebra K ⊆ H has not been explicitly noted before in the literature.
When Frobenius Extensions of the Second Kind Are Ordinary
β-Frobenius Extensions
Corollary 2.3. The modular function of a finite dimensional Hopf algebra H restricts to the modular function of a Hopf subalgebra K ⊆ H if K has depth d K, H ≤ 2.
Proof. If the Hopf subalgebra K has depth 1 in H, it has depth 2. If it has depth 2, it is equivalently a normal Hopf subalgebra by the result of 2 . But a normal Hopf subalgebra K ⊆ H is an H-Galois extension: here H : H/HK denotes the quotient Hopf algebra, H → H, h → h denotes the quotient map, and the Galois isomorphism can : H⊗ K H → H ⊗ H is given by can h ⊗ h hh 1 ⊗ h 2 27 . In the same paper 27 it is shown that a Hopf-Galois extension of a finite dimensional Hopf algebra is a Frobenius extension. Then, β id in the corollary above, so m K m H | K .
The corollary extends to some extent to quasi-Hopf algebras 23 and Hopf algebras over commutative rings 28 , since the following identity may be established along the lines of 29 for the modular functions of subalgebra pairs of augmented Frobenius algebras B ⊆ A. Example 2.5. The Taft-Hopf algebra H over its cyclic group subalgebra K is a nontrivial β-Frobenius extension 23 . The algebra H is generated over C by a grouplike g of order n ≥ 2, a nilpotent x of index n, and g, 1 -primitive element where xg ψgx for ψ ∈ C a primitive nth root of unity. This is a Hopf algebra having right 
Lemma 2.4. Let A, ε be an augmented Frobenius algebra with Nakayama automorphism
Since H is unimodular, it has a two-sided nonzero integral t. 
Even Depth of QF Extensions
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The extent to which the theorem and most of the results in the next section extends to β-Frobenius or even twisted QF extensions presents technical problems and is unknown to the author.
Frobenius Extensions
As noted above a Frobenius extension A ⊇ B is characterized by any of the following four conditions 23 . First, A B is finite projective and B A A ∼ Hom A B , A Frobenius or QF extension A ⊇ B enjoys an endomorphism ring theorem 21, 32 , which shows that E : End A B ⊇ A is a Frobenius resp., QF extension, where the default ring homomorphism A → E is understood to be the left multiplication mapping λ : a → λ a where λ a x ax. It is worth noting that λ is a left split A-monomorphism by evaluation at 1 A so A E is a generator.
The tower of a Frobenius resp., QF extension is obtained by iteration of the endomorphism ring and λ, obtaining a tower of Frobenius resp. QF extensions where occasionally we need the notation B : E −1 , A E 0 and E E 1
so E 2 End E A , and so forth. By transitivity of Frobenius extension or QF extension 21, 22 , all subextensions E m → E m n in the tower are also Frobenius resp. QF extensions. 
Tower above Frobenius Extension
Specialize now to A ⊇ B a Frobenius extension with Frobenius coordinate system E and
Then the h-equivalences above are replaced by isomorphisms, and E n ∼ C n 1 A, B for each n ≥ −1 as ring isomorphisms with respect to a certain induced "Emultiplication." The E-multiplication on A⊗ B A is induced from the endomorphism ring The E-multiplication is defined inductively on
using the Frobenius homomorphism E n−1 : E n−1 → E n−2 obtained by iterating the following natural Frobenius coordinate system on E 1 ∼ A⊗ B A, given by E 1 a⊗ B a aa and
The iterative E-multiplication on C n A, B clearly exists as an associative algebra, but it seems worthwhile and not available in the literature to compute it explicitly. The multiplication on C 2n A, B is given by ⊗ ⊗ B , n ≥ 1
4.6
The identity on C 2n A, B is in terms of the dual bases,
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The multiplication on C 2n 1 A, B is given by 
Denote in brief notation the rings C n A, B : A n and distinguish them from the isomorphic rings E n−1 n 0, 1, . . . . The inclusions A n → A n 1 are given by a n → a n 1 n , which works out in the odd and even cases to
4.10
The bimodule structure on A n over a subalgebra A m with m < n via composition of left multiplication mappings λ is just given in terms of the multiplication in A m as follows:
with a similar formula for the right module structure. The formulas for the successive Frobenius homomorphisms E m : A m 1 → A m are given in even degrees by E 2n a 1 ⊗ · · · ⊗ a 2n 1 a 1 ⊗ · · · ⊗ a n E a n 1 ⊗ a n 2 ⊗ · · · ⊗ a 2n 1 4.12
for n ≥ 0. The formula in the odd case is E 2n 1 a 1 ⊗ · · · ⊗ a 2n 2 a 1 ⊗ · · · ⊗ a n ⊗ a n 1 a n 2 ⊗ a n 3 ⊗ · · · ⊗ a 2n 2 4.13
for n ≥ 0. 
4.17
These satisfy braid-like relations 4, page 106 , namely, e i e j e j e i , i − j ≥ 2, e i 1 e i e i 1 e i 1 , e i e i 1 e i e i 1 i 1 .
4.18
The generators above fail to be idempotents to the extent that E 1 differs from 1. The proof that the formulas above are the correct outcomes of the inductive definitions may be given in terms of Temperley-Lieb generators, braid-like relations and important relations e n xe n e n E n−1 x , ∀x ∈ A n , ye n E n ye n e n , ∀y ∈ A n 1 , E n e n 1 n−1 , xe n e n x, ∀x ∈ A n−1 . In fact e n · · · e 2 e 1 a 1 n−1 ⊗ a for any a ∈ A, n 1, 2, . . . a symmetrical formula holds as well and 1 n i x i e 1 · · · e n−1 e n e n−1 · · · e 1 y i . Since the inductive definitions of the ring and module structures on the A n 's also satisfy the relations listed above and agree on and below A 2 , the proof is finished with an induction argument based on expressing tensors as words in Temperley-Lieb generators and elements of A.
4.19
We note that a 1 ⊗ · · · ⊗ a n 1 a 1 ⊗ · · · ⊗ a n 1 n−1 ⊗ a n 1 a 1 ⊗ · · · ⊗ a n−1 1 n−2 ⊗ a n e n · · · e 1 a n 1 · · · a 1 e 1 a 2 e 2 e 1 a 3 · · · e n−1 · · · e 1 a n e n · · · e 1 a n 1 .
4.20
The formulas for multiplication 4.8 , 4.6 , and 4.11 follow from induction and applying the relations 4.18 through 4.20 .
For the next proposition the main point is that given a Frobenius extension there is a ring structure on the C n A, B 's satisfying the hypotheses below for one compares with 4.11 . This is true as well if A is a ring with B in its center, since the ordinary tensor algebra on A⊗ B A may be extended to an n-fold tensor product algebra A⊗ B · · · ⊗ B A. Conversely, if A n | B has depth 3, then A 2n h ∼ A n as B-bimodules. But A n 1 | A 2n via the split B-bimodule epi a 1 ⊗ · · · ⊗ a 2n → a 1 · · · a n ⊗ a n 1 ⊗ · · · ⊗ a 2n . Then, A n 1 | qA n for some q ∈ Z . It follows that A ⊇ B has depth 2n 1.
One may in turn embed a depth three extension into a ring extension having depth two. The proof requires the QF condition. Retain the notation for the endomorphism ring introduced earlier in this section. 
When Tower Depth Equals Subring Depth
In this section we review tower depth from 11 and find a general case when it is the same as subring depth defined in 1.7 and in 12 . We first require a generalization of left and right depth 2 to a tower of three rings. We say that a tower Throughout the section below we suppose A ⊇ B is a Frobenius extension and E i → E i 1 is its tower above it, as defined in 4.2 and the ensuing discussion in Section 4. Following 11 with a small change in vocabulary , we say that A ⊇ B has right tower depth n ≥ 2 if the subtower of composite ring extensions B → E n−3 → E n−2 has generalized right depth 2; equivalently, as natural E n−2 -B-bimodules,
for some positive integer q, since the reverse condition is always satisfied. Since E −1 B and E 0 A, this recovers the right depth two condition on a subring B of A. To this definition we add that a Frobenius extension A ⊇ B has tower depth 1 if it is a centrally projective ring extension; that is, B A B | qB for some q ∈ Z . Left tower depth n is just defined using 5.1 but as natural B-E n−2 -bimodules. By 11, Theorem 2.7 the left and right tower depth n conditions are equivalent on Frobenius extensions.
From the definition of tower depth and a comparison of 4.5 and Definition 1.6 we note that if A is a Frobenius extension of B of tower depth n > 1, then B ⊆ A has subring depth 2n − 2; from 5.1 we obtain A n | qA n−1 as A-B-bimodules, since A n ∼ E n−1 ∼ E n−2 ⊗ E n−3 E n−2 .
From 11, Lemma 8.3 , it follows that if A ⊇ B has tower depth n, it has tower depth n 1. Define d F A, B to be the minimum tower depth if A ⊇ B has tower depth n for some The theorem below proves that subring depth and tower depth coincide on Frobenius generator extensions, which are the most common Frobenius extensions, for example, including all group algebra extensions: the endomorphism ring extension of any Frobenius extension is a Frobenius generator extension. At a certain point in the proof, we use the following fundamental fact about the tower A n above a Frobenius extension A ⊇ B: since the compositions of the Frobenius extensions remain Frobenius, the iterative construction of E-multiplication on tensor-squares isomorphic to endomorphism rings applies but gives isomorphic ring structures to those on the A n . For example, the composite extension B → A n is Frobenius with End A n B ∼ A n ⊗ B A n ∼ A 2n , isomorphic in its E•E 1 •· · ·•E n−1 -multiplication or its E-multiplication given in 4.6 10 . ⇐ Suppose A n 1 ⊕ * ∼ A n as B-bimodules. Apply to this the additive functor A n ⊗ B − from category of B-bimodules into the category of End A n B -B-bimodules. We obtain 5.2 , which is equivalent to the tower depth 2n 1 condition of A ⊇ B.
The proof in the even case, m 2n, does not need the generator condition since even nongenerator Frobenius extensions have endomorphism ring extensions that are generators .
⇒ Given the tower depth 2n condition A 2n−1 ⊗ A 2n−2 A 2n−1 ∼ A 2n is isomorphic as A 2n−1 -B-bimodules to a direct summand in qA 2n−1 for some positive integer q, introduce a cancellable extra term in A 2n ∼ A n ⊗ A A n 1 and in A 2n−1 ∼ A n ⊗ A A n . Now note that A 2n−1 ∼ End A n A , which is Morita equivalent to A. After cancellation of the End A n A -A-bimodule A n , we obtain A n 1 | A n as A-B-bimodules as required by 1.7 .
⇐ Given A A n 1 B | A A n B , we apply End A n A A n ⊗ A − obtaining A 2n | A 2n−1 as A 2n−1 -B-bimodules, which is equivalent to the tower depth 2n condition.
A depth 2 extension A ⊇ B may have easier equivalent conditions, for example, a normality condition, to fulfill than the B-A-bimodule condition A⊗ B A | qA 2 . Thus, the next corollary or one like it stated more generally for Frobenius extensions presents a simplification in determining whether a special type of ring extension has finite depth. The corollary follows from the theorem above as well as 11, 8.6 
